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1. Introduction 

Experimental and theoretical studies of flavour conversion in solar, atmospheric, reactor 
and accelerator neutrino fluxes give strong evidence for nonzero neutrino masses. A massive 
neutrino can have nontrivial electromagnetic properties and, in particular, nonzero magnetic 
moment [1], A detailed review on the neutrino electromagnetic interactions is given in [2], 
If neutrinos have magnetic moments then in the presence of a magnetic field neutrinos spin 
can process [1,3-7]. The possibility for the resonance amplification of the neutrino spin- 
flavour procession (if flavour neutrinos have the so-called transition magnetic moment) was 
first considered in [8,9]. 

Neutrino transitions and oscillations in the presence of a magnetic field have been 
investigated before in different aspects. A detailed review of this topic is presented in [2] 
where the corresponding references to numerous publications can be also found. In our 
present paper we discuss several important issues in theoretical description of neutrino spin 
and spin-flavour oscillations. In Section 2 we develop a standard usually used approach to the 
neutrino spin oscillations in the neutrino mass basis and obtain the effective neutrino spin 
(and “spin-mass”) oscillation Hamiltonian that can be used for description of the neutrino 
oscillations between different pairs of neutrino states with different masses and helicities. 
In Section 3 we derive the exact solution of the Dirac equation for a massive neutrino with 
nonzero magnetic moment in the presence of a constant transversal magnetic field that is 
rotating along the direction of the neutrino propagation (the twisting magnetic field). Using 
the obtained energy spectrum the neutrino spin oscillation effective Hamiltonian is derived. 
In Section 4 we develop a new approach to neutrino spin oscillations that is based on the 
description of the neutrino spin states with the corresponding spin operator that commutes 
with the neutrino dynamics Hamiltonian in the magnetic field. In the customary approach 
the neutrino helicity operator is used that does not commute with the neutrino dynamics 
Hamiltonian in the presence of a magnetic field. 

2. Standard approach to neutrino spin oscillations in a magnetic field 

Consider two physical neutrinos, Vi and V 2 , with corresponding masses m\ and m 2 . Each 
of the physical neutrinos are a superposition of the neutrino flavour states, V e and V^. In 
general, a neutrino beam is a superposition of the mass states Vi and V 2 , or alternatively of 
the flavour states v e and v^. Usually a notation for two neutrino basis are used, 



( 2 . 1 ) 


and two neutrino basis are related by the mixing matrix 



( 2 . 2 ) 
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where 6 is the mixing angle. We restrict ourselves to two neutrino generations. The evolution 
of the neutrino beam in the physical basis is governed by the Schrddinger type equation 


ij t v{p) (t)= Hva cvW (t), 


where the Hamiltonian 


H v ac — 


Ei 0 

0 e 2 , 


is diagonal in this basis, and the relativistic neutrino energies are 

„2 


m~ 


Ea = \/p 2 +m 2 a~ |p| + xp,, a = 1,2. 

^IPI 


(2.3) 


(2.4) 


(2.5) 


Consider neutrino oscillations in the presence of a constant magnetic field given by the 
vector B. As it has been already mentioned in the introduction, a massive neutrino should 
have a nonzero magnetic moment. We introduce notations jUn and / 1 22 for the corresponding 
magnetic moments of neutrinos Vi and v 2 - The magnetic moments interact with a magnetic 
field and from classical physics we know that the magnetic field exerts a torque on the 
magnetic moment. In quantum field theory, magnetic moment interaction between two 
neutrino fields v a and v a > (a' = 1 , 2 ) is given by 


Hem = -^l l aa'Va'OnvVaF llv + h.c. , 


( 2 . 6 ) 


F^ v is the electromagnetic field tensor. In a constant magnetic field the Hamiltonian (2.6) 
is 


Hem — ^ Llaa'V~\~h-C., 


(2.7) 


here 



( 2 . 8 ) 


and a, are the Pauli matrices. When v a and v a i represents different fields (a 7 ^ a') the 
values H aa > are called the transition magnetic moments. 

Each of the neutrinos Vi and v 2 can be in two spin states. These two neutrino quantum 
spin states with the same mass can be considered as two different neutrino species. Totally 
there are four neutrino species that can be mixed by the magnetic field presence and 
transitions between different neutrino spin states i V a ’ s’ (oc,a' = 1,2, s 7 ^ s') can be 
generated. Here 5 and s' are two different neutrino spin quantum numbers. The probability 
of these conversions depend on time that provides the existence of neutrino spin oscillations. 
Note that there are two different types of neutrino spin oscillations that precede without 
changing of a neutrino mass state (a = a') and with changing mass state (a 7 ^ a'). The 
later case we call the neutrino spin-mass oscillations. 

When a neutrino with nonzero magnetic moment is placed in an external magnetic 
field, different spin states acquire different magnetic potential energies which are similar 
to the matter potential [19] and must be accounted in the effective Hamiltonian in the 
Schrddinger type neutrino evolution equation (2.22) (see also [2]). 
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Let us calculate the magnetic potential energies V a ra ' s i corresponding to transitions 
between different neutrino states in the presence of an arbitrary oriented in respect to the 
neutrino propagation magnetic field. It is supposed (see Fig. 1) that neutrinos momenta 
are along n z axis and and B are the transverse and longitudinal components of the 
magnetic field. 



Phc. 1: An external magnetic field B =Bx+B|| orientation in respect to the neutrino Vi and V 2 
momenta pi and pi. 


From the magnetic field interaction Hamiltonian (2.7) it follows that 


Va,s-,a',s' — (V(X,s\Hem\V(x', s') — 


Pa,a' 


dxV’jO 


LB 0 
0 LB 


(2.9) 


where 


■ = C, 


E a + m c 


2 E n 


u s 

ZPr, 

y E a +m a 


-iE a t+ip a x 


and 


Va'.s' i m a' 1 Pa'iEa') — C a ’ 


Ery’ + m a < 


2 En 


*Pa 


-iE a ,t+ip ,x 


y E„i +m„i ^ 


VI d 


( 2 . 10 ) 


( 2 . 11 ) 


For the considered case of ultrarelativistic neutrinos we describe neutrino spin states 
by their helicities. Therefore for a particular type of a massive neutrino V a there are two 
different spin states given by 


( 2 . 12 ) 

that correspond to the right-handed and left-handed Vl chiral neutrinos, respectively. 
As well known [1,3,5,6], the spin of such a neutrino can precess in a transversal magnetic 
field. 

From (2.9) we get 
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Va,s-,a',s' 


] 2 IIaa'C a C a , fd 4 xB(ui 


£ 0 
0 -I, 


U s > 

ZPa' 


lie/ 


It is possible to show that 


x ^ Ea ' +ma ^- exp(-iAEt + iApx). (2.13) 

2\/E a E a i 


B ^ (o _E 


U c' 


Z Pa 


~ Uc' 


— u\ 


:mh) i - 


PaPa' 


(■ E a +m a ) (E a i +m a /) 


+ £B_|_ ( 1 “1“ 


PaPo 


[E a + m a ){E a /+ m c 


In the case of ultrarelativistic neutrinos ^Cl we have 


where 


and 


1 - 


PaPc 


( E a + m a ) ( E a i + m 0 


1 + ■ 


PaPc 


[E a + m a ) (E a i + m 
In the strightforward calculations we obtain that 


u s /. (2.14) 


V( E a +m a)(E a ' +m a >) _ _i 

(2.15) 

0 /J7 T7 *CCCL > ’’ 

Zy Ha^a' 

m a m a / \ 

Ea E a i J 

(2.16) 

\ yJ{E a +m a )(E a i+m a ') _ 

(2.17) 

' 2 y/E a E a i 


u J s=l T.Bu s=1 = (1 0) £ ( M (B|| +Bj_) = 


= (1 0 ) (73 f M 5cos/3 + ^1 oj ai ( M Bsin/3 = ficos/3, (2.18) 


mJ =1 ESmj=_i =5sinj3, (2.19) 

= Bsin/3, (2.20) 

i^ =1 Efiu s= _i = —Bcos/3. (2-21) 

As it can be expected, in neutrino transitions without change of helicity only the B | = Bcos (3 
component of the magnetic field contribute to the effective potential, whereas in transitions 
with change of the neutrino helicity the transversal component B j_ = B sin/3 matters. 

Now we consider two different neutrino mass states with two helicities as four neutrino 
species Vj i= i, Vg i= _i, V2,s=l and v 2 ,s=-i- From the performed calculations we conclude that 
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the effective neutrino oscillation Hamiltonian that governs the massive neutrino oscillations 
in the presence of a constant magnetic field is 


Hem — H va c + Hn , 


( 2 . 22 ) 


where the corresponding contributions of the magnetic potentials V atS - a ',s' to the oscillation 
Hamiltonian are given by 


H,= 


1 

2 


^ u yn Vn B ±. Mi2^ Mi2#± ^ 
Mil Bx_ —jUii^y M12 B ± -Mi2^ 
M12 y l2 M n B ±_ M 22 ^j M22 B± 
\Mi2#± -Mi2^j -M22 


Finally, for the neutrino evolution equation 

B, 





( v M=i \ 


. d 

1 — 

Vm=-i 

1 

dt 

V 2 ,s=l 

\ V 2-=-l/ 

“ 2 


FFi+Mh^ Mn-®-L M12 

£1—Mn^ Mi2#± 


Mii«l 

s,, 

Ml2^ 

Ml2#_L 


Ml2#_L 

Bn 

-M12^ 


\ 


Ml2#_L £ , 2+A i 22^ M22#_L 

“Ml2^ M22'5_L E 2 — M22^/ 


/ Vl, i= l \ 

Vl,s=-1 

V 2 ,.s=l 

Vv 2 ,.=- 1 y 


(2.23) 


(2.24) 


The obtained neutrino evolution equation contains information on all possible oscillations 
in the presence of a magnetic field between different pairs from four neutrino states with 
masses m\ and m 2 and helicities given by 5 = 1 and 5 = — 1. Consider three typical cases. For 
neutrino evolution between two neutrino states with equal masses and different helicities, 
for instance Vi )i= i from (2.24) it follows 


.d_ ( v M=1 \ _ M 11 \ / v M=i ^ 

l dt 2 [ Bl -Jy \vi, s =-i) ' 


(2.25) 


For neutrino evolution between two neutrino states with different masses and different 
helicities, for instance Vi ii5= i V 2>s= _i, from (2.24) it follows 

Bn 



+ Mll 


rn 


Ml2-M_L 


m iD Am 2 .. B || 

BnB± 4 e M22 



(2.26) 


For neutrino evolution between two neutrino states with different masses and equal helicities, 
for instance Vi ii= i V2 . 5= i, from (2.24) it follows 



l/#+Mn^ Mi 2 ^ 

2 \ -#+M 2 2^){v2^ 


(2.27) 


From the obtained equations (2.25), (2.26) and (2.27) several general conclusions on the 
influence of an arbitrary magnetic field B = +B | on neutrino evolution are strightforward: 

1) the mixing between two neutrinos with different helicities is due to the corresponding 
magnetic moment (or transition magnetic moment) interaction with the transversal magnetic 
field Bj , 
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2) the longitudinal magnetic field component B coupled to the corresponding magnetic 
moment shifts the neutrino energy, 

3) in case of nonzero transition magnetic moment p 12, the mixing between neutrino 
states with different masses is induced by the interaction with B . 

The obtained results can be translated to the flavour neutrino evolution and oscillations 
by inclusion of the neutrino mixing effects following to (2.2). Then the effect of the background 
matter can be also added. Note that a possibility of the resonant amplification of neutrino 
oscillations in the longitudinal magnetic field were discussed in [10-12], 


3. Neutrino propagation and spin oscillations in twisting magnetic field 


The problem of neutrino spin oscillations in the presence of a transversal in respect to 
the neutrino propagation and twisting magnetic field, given by 


B±(z)=5± cos(kz)e x + B±_ sin(fo)e v , 


(3.1) 


where k = 2n/'k and A is the length of a period of the magnetic field rotation, and its 
possible phenomenological implications was discussed before (see, for instance, [12-17]). In 
this section we derive the exact solution for the Dirac equation for a massive neutrino with 
nonzero magnetic moment including the exact expression for the neutrino energy. Then on 
this basis we consider the neutrino spin and spin-mass oscillation in such a magnetic field. 

We consider the Dirac equation for a massive neutrino moving in the twisting magnetic 
field in the following form, 


yp - (£1 cos(fe) +I 2 cos(fe)) v,-(p) = 0, 


(3.2) 


where matrices are are given by (2.8). It is supposed that the neutrino propagates along e, 
direction. Then the solution can be found in the form 


¥ ( z ) = Ce~ izp3 


( C\e ikz ! 2 \ 
C 2 e~ ikz / 2 
C 3 e fc/2 
\C 4 e~ ikz ' 2 J 


(3.3) 


From (3.2) and (3.3) for the neutrino wave function we obtain the following equation 

\ 

V = 0 , 


f (nij-E) pjB^e~ lkz p 3 

ji t B L e ikz 0 nti-E ) 0 

0 — (nij + E) —p,jB^e~ lkz 

-P 3 


0 

~P 3 


P 3 

0 


(3.4) 


~PiB±e lkz -(mi + E) 


and then 


( (mi-E) 
P,B , e lkz 
(p3+k/ 2) 

V 0 


PiB±e 


-ikz 


{p3 + k/ 2) 


0 


\ 


(mj-E) 0 -(p3-k/ 2 ) 

0 -(tni + E) ~PiB L e~ ikz 
~(P3 ~ k/2) -p,iB^e lkz -( m t + E) ) 


Y = 0. 


(3.5) 
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For the neutrino energy spectrum from (3.5) we obtain 

E = ±\Jmf + p 2 + (k/2 ) 2 + (HiB±) 2 + 2s\J + p 2 ((piB ± ) 2 + ( k/2 ) 2 ), (3.6) 

where s = ±1 correspond to two neutrino helicity states. In the limits p » nij , p » 
p » k we can simplify it to 


E = ±\j m] + (p + s\J (/h'fijJ 2 + (k/2) 2 ) 2 . 


Finally, for the neutrino wave function components we obtain 


Y = C 


( 1 \ 

X&B± 

(£-m,)+(g,a ± ) 2 ^ 


P~\- - 

1 +(E~m,)x B 

p-\ ^ L J 


,-i{Et-{p+\)z ) 


where 


X = 


2(pE + mj(k/2))/(p 2 -(k/2) 2 ) 

(p-v 


In the case of relativistic neutrinos from (3.7) for the energy we get 

mj + (k/2) 2 + (;U,fijJ 2 


E^p + 


2 p 


± \ (Bi B ±) 2 + (k/2) 2 . 


(3.7) 


(3.8) 


(3.9) 


(3.10) 


Consider two neutrino species V s=+ 1 and V s= _i with equal masses m = m, and of different 
spin states s = ±1 that forms a new neutrino basis 


v = 



(3.11) 


Obviously, the effective neutrino evolution Hamiltonian in this basis is diagonal and the 
evolution equation is 


-d / v s=+i\ _ /+\/ (BEi_) 2 + (k/2) 2 0 \ /v, =+ i\ 

l dt{v s= .J~[ 0 -^(pB ± ) 2 + (k/2) 2 J U=-J’ 


(3.12) 


here p is the neutrino magnetic moment. In the case of two neutrino species V| iS . =+ | and 
v 2,s=-i with different masses m i Y m 2 and different magnetic moments pi and p 2 the 
evolution equation takes the form 


where 


.d_(v l , =+x \ = (^+a, 0 \/v M=+1 \ 

dt\V 2 , s =-J y 0 V V 2,s=-l/’ 


a t = ^(piB L ) 2 + (k/2Y. 


(3.13) 


8 


(3.14) 



















New approach to neutrino oscillations in magnetic fields 


Alexander Studenikin 


In the production and detection processes neutrino participate by their left-handed 
chiral (negative helicity) states. Therefore, in order to study possible phenomenological 
consequences of neutrino oscillations in twisting magnetic fields one should represent the 
initial left-handed neutrino as a linear combination of the basis neutrino states V ls , V 7 y (i,j = 
1,2 and s,s' = ±1), then include the neutrino oscillation process that proceeds following 
the neutrino evolution equation (3.12) or (3.13), and at the final stage again extract the 
left-handed neutrino component that only interacts in the detector. The above scheme is 
implemented and discussed in details in the next section. 

4. Neutrino oscillations within precise description of spin states in magnetic field 

In this section we show that there can be more precise approach to neutrino oscillations 
in the presence of a magnetic field than one usually used in literature and that we also 
apply in Section 2. Within this customary approach the helicity operator is used for 
classification of a neutrino spin states in a magnetic field. However, the helicity operator 
does not commute with the neutrino Hamiltonian. This case resembles situation of the 
flavour neutrino oscillations in the nonadiabatic case when the neutrino mass states are 
not stationary. The proposed alternative approach to neutrino spin oscillations is based 
on the exact solutions of the corresponding Dirac equation for a massive neutrino wave 
function in the presence of a magnetic field that stipulates the description of the neutrino 
spin states with the corresponding spin operator that commutes with the neutrino dynamic 
Hamiltonian in the magnetic field. 

Here we again consider a simple model with two generations of flavour neutrinos V e and 
Vu that are the orthogonal superpositions of mass states Vi and V2 

v f = (4.1) 

i 

where Ufi are elements the mixing matrix given by (2.2) and / = e,p, i = 1,2. We start 
with consideration of a massive V,- with the magnetic moment /!,- that propagates along 
n z direction in presence of constant homogeneous arbitrary orientated magnetic field B = 
(Bj_,0,B||). The neutrino wave function in the momentum representation is given by a plane 
wave solution of the modified Dirac equation 

iyp - mj - ;U,£B )Vi(p) = 0. (4.2) 

The neutrino energy spectrum can be determined from the condition 

det (yp — rrij — ju,-£B) = 0, (4.3) 

which guarantees the existence of a nontrivial solution of the modified Dirac equation (4.2). 
For the neutrino energy spectrum we obtain 
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where “±” denotes two different eigenvalues of the Hamiltonian 


Hi = 70 (mi + 7P + ju,-l B), 


(4.5) 


which describes dynamics of the neutrino system under consideration. 

Of course such a simple model can pretend to an approximate description of a realistic 
physical process. It also enables one to reveal general properties of spin and spin-flavor 
oscillations in the presence of an arbitrary magnetic field that should be important for 
phenomenological applications. 

Our approach is based, at first, on the obtained the exact neutrino energy spectrum 
(4.4) in the magnetic field. Secondly, we define different neutrino spin states in the mass 
basis as eigenstates of the spin operator (see [18]) 

S; = -!-(£B--7o75[£xp]B), (4.6) 

| 1 >| fflf 

which commutes with the Hamiltonian (4.5). Hence, we specify the neutrino spin states as 
the stationary states for the Hamiltonian, contrary to the case when the helicity operator 
is used. 

Consider the mass state v,- as a superposition of neutrinos v ; + and v“ in a definite spin 
state, 

Vi = cfvf + Cfvf. (4.7) 

The complex coefficients denote two different eigenstates of the spin operator Sj and |c+| 2 -|- 
|c[~| 2 = 1. Thus, the neutrino mass states evolve following to 


V/W = c+e-’V'tf+c? 


-iE~t 




■,‘PX 


(4.8) 


where the neutrino initial state at t = 0 is given by 


V?(t = 0) = tfe ipx . 


(4.9) 


In the following calculations the term e' px is neglected because it is irrelevant for the neutrino 
oscillation probability. 

Next we assume that the initial neutrino state v(t = 0) is a pure electron state which 
is defined as the superposition of the mass states, 


v(t = 0) = [c7g, + -l-Cj <jjj ] cos0+ [cj & + c 2 ^2 ] sine - 
Using 4.8 we see that this state depends on time as 


(4.10) 


v(0 = cte-^'tf + cie-^ 


cosO + 


c+ e - iE H?+ 


&+c7e-**'t 


sinQ. 


(4.11) 


Therefore, the probability to observe the muon neutrino state at time t is given by 


,(0 = |<V/i|v(f))| 2 , 


(4.12) 


where 

Vp = ~ [c+ ^ + c\ <§f ] sin 0 + [c '2 %2 + c 2 &] cos 0 ■ 
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It is clear that 

= <5“'and S , «'=«f , #=0, (4.13) 

where s,s' = ±. Using (4.10) and (4.11) we get 

|<v M |v(f))| = ^\4\ 2 e- iE ^ + \c 2 \ 2 e~ iE ^-\ci\ 2 e~ iE ^-\c^\ 2 e- iE ^ymecose, (4.14) 


and 

Pv 


.(0 = {-\°\ 


o | _ 12 ■ ? 
'c 0 sin - 


£r - e 


f + _ /7+ 

2 f + |c+l 2 |c+| 2 sin 2 2 1 f+ 


+ \C- 


+ , 2 , -,2 • 2 ^2 ^1 


1 


■ sin" 


f + |Co 


I 2 let I 2 sin 2 ^ 2 £r i+ 


+|c 2 -| 2 |cr| 2 sin 2 ^-^ 


2i — |2„■ 2 ^1 ^ 


t — |Cj |"|C[ | sin 


—f | sin 2 20. (4.15) 


It is usually assumed that the initial state of relativistic neutrino is a negative-helicity 
state, which means that 


Ep 


6 = -&■ 


(4.16) 


Next we consider the left-handed spinors because only the left-handed fermions participate 
in the production and detection processes and we suppose that each of the mass states of 
the initial electron neutrino are left-handed. In our case the helicity operator is equal to 
£P/|P| = a 3 , therefore the initial neutrino state is given by 


Wl = 


( o\ 
1 
0 

W 


(4.17) 


Let us write the initial neutrino state i \fi as a superposition of the eigenvectors of the spin 
operator Si. From (4.6) we get 


St = 


( cos (j) sin (j) 0 — -P sin (j) \ 

sin0 —cos (j) ^sin0 0 

0 P-sinty cos 0 sin0 
\^—^sin0 0 sin0 —cos0 y 


(4.18) 


where (j) is the angle between B and p. It is obvious that 


S t = H —2 sin - 0 U4x4- 


mt 


(4.19) 


In order to define the spin projector operators we introduce the normalized spin operator 
following to 


Si = 


1 


\ 1 + Pj sin 2 <b 


-Si = NiSi, 5 2 = 1. 


(4.20) 
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The spin projector operators are 




(4.21) 


and we use them to split the initial neutrino state ( j/i in two neutrino states with definite 
spin quantum numbers 


Yf = PiVL= j 


( N\ sin 0 \ 

1 — Nj cos 0 
P- Ni sin 0 

mi 1 r 

o 


1 Vi =Pi Vl = 2 


( —Nj sin 0 \ 
1 + Ni cos 0 
— —Nj sin 0 

mj 1 r 

o 


(4.22) 


Note that y/j = y/f + y/ i = cf pf + c- p- , where pf is a basis in the spin operator Si 
eigenspace. From the condition 

(4.23) 


vFvt = \4 1 2 


we get that 

where as in eq.(4.20) 


i.2 1 — IV/ cos 0 


I _|2 _ 1 TIV/COS 0 


N = 


\\ 1 + § sin 2 0 


(4.24) 


(4.25) 


Now we can insert the obtained expressions (4.24) for Ic^) 2 in eq. (4.15). In the 
forthcoming evaluation of the probability P Ve ^.y if) we consider the case when the magnetic 
field B is nearly a transversal one and B±^ B n , therefore 


sin0 w 1, cos 0 ss 0. 

2 

Then we get (it is also supposed that ^>1) 


(4.26) 


Ni « 1 - 


lim sin” 0 


772 ; 


1 + Ty sin 2 0 P sin 2 0 


(4.27) 


Thus, for typical combinations of the coefficients \cf\ 2 of eq.(4.15) in the linear approximation 
over cos 0 <1 we get 


I +|2| —12 
\r: \ \r. = 

\ u i I II 


l c 2| 2 |ci| 2 ~7(l-^(A r i+N 2 )cos0)s3^ ( 1-s 


1 — N 2 cos 2 0 1 

4 ~ 4’ 

1 


m 2 + n?2 


COS 0 


| 2 i -|2 


1 


-(1-(N 2 -1Vi)cos0)« - ( 1- 


2 2 
772^ — m 


— COS 0 


l C 2 Pl^l 2 ~ \ (1 - (M -N 2 )COS0) « ^1 - —COS 0 ^ 


(4.28) 

(4.29) 

(4.30) 

(4.31) 
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Using these expressions finally from (4.15) we get 


VeL^V^ 


(t) = - sin 2 20 < — sin 


El - E, 


,2 ^2 


. 9 Ery~ — E^ o Et — E, 

- t + sin- -A ——-t + sin- -E— — [ -t+ 


7 E 7 — Et 7 E 7 —E, 7 Et - E, 

+ sm" —E——— t _|_ S m -E ——_ sin z _L_-^—L ? j, + 


+ 


m 2 + m 2 . 2 


sin" 20 cos 0 < sin 


2 E 2 E { 


t — sin 


F + — F + 
2 c 2 ^1 


+ 


2 0 

in 2 — mr 


P 


- sin 2 20 cos (j) < sin 


2 E 2 ~ E 


t> + 


1 . iE{-E l 

1 t - sin' —- E t 


(4.32) 


Note that two last terms here are suppressed by the presence of cos (j) <C 1. 

If we also account for a rather general condition 2pB± <C p then the following approximation 
can be used for the neutrino energies 


2 

mt 


E t ~ U mj+p 2 ±2p iP B ± (1 + ^ ) ~ P\l 1 + -3 ± 


H7 2 2p,B 


mt 


■.p+^-±fliB ± . (4.33) 


Finally, for the neutrino oscillations probability in the flavour basis we get 


P VeL ^v R (t) ~ sin 2 20 sin' 


Am- 

iy ,+ 2 |s,n 


1 / . 2 f>2 - Ml 


+ sin 


. 2^2 + M i 


sin - 20 cos 


Am 2 
2 P 1 


— ^sin 2 20 (sin 2 piB±t + sin 2 p. 2 B±t ), (4.34) 


where Am 2 = — m 2 . 

It should be emphasized that, as it follows from the above derivations, the obtained 
probability P VeL _> v ^(t) accounts for the transitions from the initial left-handed electron 
neutrino to the final muon neutrino that can be in both left- and right-handed states. 
Note that in the mass basis the transition V\i —> Vi r is not possible when P 12 = 0 (see 
eq.(2.26)). 

Consider the difference AP(t) = P VeL ^ v —Pv eL ^v^ L of the probability P VeL ^ v (f) given by 
(4.36) and the usual result 


, . . 9 . 9 Am 1 

PveL-^vm.it) = sin 20 sin- —t 


(4.35) 


for the neutrino flavour transition v e L —> v^l- Obviously, this difference is just a probability 
for the transition Py eL ^Vu R , and we get 


1 / . 9 „ . 9 Au + „ \ . 9 _ ^ Am 2 

PveL^v^R = 4 ( sm “ —— SN + sm 2 sin- 20 cos —t 

— ^ sin 2 20 (sin 2 B±t + sin 2 P 2 B±t ), (4.36) 

where the notations are used Ap± = p 2 ±Pi- 
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Here we recall that the result (4.36) is obtained within an approach that implies the 
description of the neutrino spin states by using the spin operator (4.6) that commutes with 
the neutrino dynamical Hamiltonian. Contrary to what is usually obtained (see, for instance, 
in [2]) that the transitions v e L —> in B j_ are not possible in the case of zero transition 

magnetic moments, from (4.36) we show that the discussed transitions can proceed even in 
the case when the transition magnetic moments are zero. This predicted new phenomenon 
can have important phenomenological consequences in implications of neutrino transitions 
in magnetized astrophysical media. 
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